Abstract. In this paper, we establish a structure theorem for a smooth projective variety X with semi-positive holomorphic sectional curvature. Our structure theorem contains the solution for Yau's conjecture and it can be regarded as a natural generalization of the structure theorem proved by Howard-Smyth-Wu and Mok for holomorphic bisectional curvature. Specifically, we prove that X admits a locally trivial morphism φ : X → Y such that the fiber F is rationally connected and the image Y has a finiteétale cover A → Y by an abelian variety A, by combining the author's previous work with the theory of holomorphic foliations. Moreover, we show that the universal cover of X is biholomorphic and isometric to the product C m × F of the universal cover C m of Y with a flat metric and the rationally connected fiber F with a Kähler metric whose holomorphic sectional curvature is semi-positive.
Introduction
After Siu-Yau and Mori had solved the Frankel conjecture in [SY80] and [Mor79] , Howard-Smyth-Wu and Mok established the structure theorem for a compact Kähler manifold M with semi-positive holomorphic bisectional curvature in [HSW81] and [Mok88] (see also [CG71] and [CG72] ). Their structure theorem states that M admits a locally trivial morphism f : M → B such that the fiber F is a Hermitian symmetric manifold and the image B has a finiteétale cover T → B by a complex torus T . Moreover, it says that the universal cover of M is biholomorphic and isometric to the product C m × M ′ . This paper is devoted to studies of (semi-)positivity of holomorphic sectional curvature. Positivity of holomorphic sectional curvature is much weaker than that of holomorphic bisectional curvature. In fact, by Yang's affirmative answer for Yau's conjecture posed in [Yau82] , we know that a compact Kähler manifold X with positive holomorphic sectional curvature is rationally connected (see [Yan18a] and see [HW15] , [Mat18b] for another approach). However, the manifold X can not be expected to be a Hermitian symmetric manifold and even to have the nef anti-canonical bundle (see [Yan16, Example 3 .6]). Nevertheless, holomorphic bisectional curvature (more generally, the curvature tensor) is actually determined by holomorphic sectional curvature. Therefore it is an interesting and natural problem to investigate a relation or an analogy between holomorphic sectional curvature and bisectional curvature. Particularly, it is one of the most significant problems to generalize the structure theorem of HowardSmyth-Wu and Mok to semi-positive holomorphic sectional curvature.
The main result of this paper is the following structure theorem for smooth projective varieties with semi-positive holomorphic sectional curvature. Our theorem affirmatively solves [Mat18b, Conjecture 1.3] in a strong form. Moreover, the theorem naturally contains the solution for Yau's conjecture and it provides a generalization of the structure theorem of Howard-Smyth-Wu and Mok in the case of projective varieties. Theorem 1.1. Let X be a smooth projective variety equipped with a Kähler metric g with semi-positive holomorphic sectional curvature. Then we have the following statements :
(1) There exists a smooth morphism φ : X → Y to a smooth projective variety Y with the following properties :
• The morphism φ : X → Y is a locally trivial morphism (that is, all the fibers are isomorphic).
• The image Y is a smooth projective variety with a flat metric. In particular, there exists a finiteétale cover A → Y by an abelian variety A.
• The fiber F is a rationally connected manifold. In particular, the morphism φ : X → Y is a MRC (maximal rationally connected) fibration of X.
Therefore the fiber product X * := A × Y X admits the locally trivial Albanese map X * → A to the abelian variety A with the rationally connected fiber F .
(2) Moreover we obtain the isomorphism
where X univ is the universal cover of X and F is the rationally connected fiber of φ.
We have the following commutative diagram :
In particular, the fundamental group of X is an extension of a finite group by Z 2m .
(3) There exist a Kähler metric g F on the fiber F and a Kähler metric g Y on Y with the following properties :
• The holomorphic sectional curvature of g F is semi-positive.
• The Kähler metric g Y is flat.
• The above isomorphism X univ ∼ = C m × F is not only biholomorphic but also isometric with respect to the Kähler metrics µ * g, π * g Y , and g F .
Here π and µ respectively denote the universal cover π : C m → Y of Y and the universal cover µ : X univ → X of X.
The proof of Theorem 1.1 is based on a combination of studies of MRC fibrations developed in [Mat18b] and the theory of (holomorphic) foliations. It is worth to mention that a part of [Mat18b] is strongly influenced by the idea in [HW15] and the notion of RC positivity in [Yan18a] , which are motivated by Yau's conjecture in [Yau82] (see [Yan18b] and [Yan18c] for RC positivity). Theorem 1.1 can be derived from Theorem 1.2 and Theorem 1.3.
The following theorem, which is one of the key ingredients of this paper, is proved by the splitting theorem of the (holomorphic) tangent bundle T X of X (see Theorem 3.1) and the theory of foliations with rationally connected leaves developed in [Hör07] . Theorem 1.2. Let X be a smooth projective variety admitting a Kähler metric with semi-positive holomorphic sectional curvature.
Then we can choose a MRC fibration X → Y of X to be a morphism (without indeterminacy locus) to a smooth projective variety Y .
The following theorem, which can be seen as a generalization of the main result in [Mat18b] , reveals detailed properties of a morphism φ : X → Y to a compact Kähler manifold Y with pseudo-effective canonical bundle. The proof is based on the theory of foliations and Ehresmann's theorem. By applying Theorem 1.3 to the MRC fibration φ : X → Y chosen to be a morphism by Theorem 1.2, we can obtain all the conclusions in Theorem 1.1. In our situation, the fiber F is rationally connected (in particular, simply connected), and thus it is sufficient for Theorem 1.1 to consider only the restricted case. However, we formulate Theorem 1.3 in a more general statement, since it seems to be important to treat Albanese maps (instead of MRC fibrations) in order to generalize Theorem 1.1 to non-projective varieties. Theorem 1.3. Let (X, g) be a compact Kähler manifold with semi-positive holomorphic sectional curvature, and let φ : X → Y be a morphism to a compact Kähler manifold Y with pseudo-effective canonical bundle.
(1) The following statements hold :
• The morphism φ : X → Y is smooth and locally trivial.
• The exact sequence of vector bundles
admits the holomorphic orthogonal splitting, that is, the orthogonal complement T ⊥ X/Y is a holomorphic vector bundle and there exists an isomorphism j : φ * T Y → T ⊥ X/Y such that it gives the holomorphic orthogonal decomposition
• The image Y admits a Kähler metric g Y such that g Q = φ * g Y and the holomorphic sectional curvature of g Y is identically zero. In particular, the image Y has a finiteétale cover T → Y by a complex torus T . Here g Q is the hermitian metric on φ * T Y induced by the above exact sequence and the metric g. (2) We obtain the isomorphism
Here m is the dimension of Y .
(3) There exists a Kähler metric g F univ on F univ such that the holomorphic sectional curvature of g F univ is semi-positive and the above isomorphism X univ ∼ = C m × F univ is isometric with respect to the Kähler metrics induced by g, g Y , and g F univ .
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Preliminaries
In this section, we shortly summarize several results needed later by giving references. We can check basic properties of holomorphic sectional curvature in [Mat18a] and [Mat18b] with the same notation as in this paper.
2.1. Connections of vector bundles. In this subsection, we recall the Gauss-Codazzi type formula for exact sequences of (holomorphic) vector bundles. We consider the exact sequence
−− → 0 of vector bundles S, E, and Q on a complex manifold X. We suppose that E is equipped with a (smooth) hermitian metric g. Let S ⊥ be the orthogonal complement of S in E with respect to g, which is a C ∞ -bundle but not always a holomorphic vector bundle. The C ∞ -bundle S ⊥ is isomorphic to the quotient bundle Q as C ∞ -bundles. More precisely, there exists the C ∞ -bundle isomorphism j : Q ∼ = S ⊥ such that p • j = id Q . In this paper, we often identify the orthogonal complement S ⊥ with the quotient bundle Q under the isomorphism j. Then we have the orthogonal decomposition
From this orthogonal decomposition, the hermitian metric g S (resp. g Q ) on S (resp. Q ∼ = S ⊥ ) is induced. For the hermitian vector bundles (E, g), (S, g S ), (Q, g Q ), we respectively denote their Chern connection by D, D S , D Q and their Chern curvature by
⊥ and a section f of S. It is known that A (equivalently B) is identically zero if and only if the above exact sequence admits the holomorphic orthogonal splitting, which means that S ⊥ is a holomorphic vector bundle and the above orthogonal decomposition gives the holomorphic decomposition of E. Further we also have the following properties :
for a tangent vector v ∈ T X , a vector e ∈ S ⊥ , and a vector f ∈ S.
2.2. Holomorphic foliations. The theory of (holomorphic) foliation plays an important role in the proof of the main theorem. In this subsection, we recall some results of foliations needed later. Let T X be the (holomorphic) tangent bundle on a complex manifold X and let V be a (holomorphic) subbundle of T X . The subbundle V ⊂ T X is called an integrable foliation if the space of (local) sections of V is closed under the Lie bracket
Frobenius's theorem asserts the integrability of V is equivalent to the condition that an arbitrary point in X has an open neighborhood U and a smooth morphism φ : U → C m such that V coincides with the relative tangent bundle of φ (that is, V = T U/C m := Ker dφ * ), where m := dim X − rank V . For the subbundle V ⊂ T X , the Lie bracket determines the O X -module morphism Λ 2 V → T X /V , and thus we obtain the holomorphic section
of the sheaf Hom(Λ 2 V, T X /V ). The subbundle V is integrable if and only if the above section F V is identically zero. If the subbundle V is integrable on a (non-empty) Zariski open set of X, then V is integrable on the whole space X. Indeed, the section F V is vanishing on the Zariski open set in this case, and thus it follows that F V should be identically zero on X since the sheaf Hom(Λ 2 V, T X /V ) is torsion free as O X -modules. In the case of V being integrable, we can obtain the quotient map X → X/ ∼ by using the equivalence relation defined as follows : a point p is equivalent to a point q if and only if p and q can be connected by fibers of local morphisms U → C m . A fiber of the quotient map X → X/∼ is called a leaf of the integrable foliation V ⊂ T X . We remark that leaves are not necessarily compact and the quotient space X/∼ does not necessarily admit a complex structure. However, under some additional assumptions, it can be shown that X/∼ is a complex space such that the quotient map X → X/∼ is a holomorphic map.
We will use Lemma 2.1 in the proof of Theorem 3.1 and Lemma 2.2 (so-called Ehresmann's theorem) in the proof of Theorem 1.3.
Lemma 2.1 ([Hör07, Corollary 2.11]). Let X be a compact Kähler manifold and W ⊂ T X be an integrable foliation of X. Assume that at least one leaf of the foliation W is compact and rationally connected.
Then there exists a smooth morphism 
Then φ : X → Y is a locally trivial morphism. More precisely, there exists a repre-
the universal cover of X and we have
Here Y univ and F univ respectively denote the universal covers of Y and F , and also pr i denotes the projection of the product Y univ × F univ to the i-th component.
In order to apply Lemma 2.1, we will construct foliations by using the following lemmas and Theorem 3.1.
Lemma 2.3 ([Har77, Ex. 5.8]). Let H be a coherent sheaf on a complex manifold X. Then the function
is upper semi-continuous with respect to p ∈ X. Further, when the above function is constant, the sheaf H is a locally free sheaf. 
Proof of the main result
The purpose of this section is to give a proof of Theorem 1.1. The strategy of the proof is as follows : We will show that a suitably chosen MRC fibration φ : X Y of X satisfies the desired properties in Theorem 1.1. MRC fibrations of projective varieties are not uniquely determined since there are ambiguities in the choices of the birational models of its image Y (see [KoMM92] and [Cam92] for MRC fibrations). Therefore one of the main difficulties in the proof is to show that a MRC fibration of X can be chosen to be a morphism without indeterminacy locus. For this purpose, for a given MRC fibration φ : X Y , we first prove that the tangent bundle T X can be decomposed into
without indeterminacy locus (which may be different from the original one φ : X Y ), by applying the result in [Hör07] for foliation with rationally connected leaves (see Theorem 1.2). Finally, we obtain various properties in Theorem 1.1, by developing techniques in [Mat18b] and by using the theory of foliations again (see Theorem 1.3).
We first prove the following splitting theorem on a Zariski open set by generalizing the argument of [Mat18b, Theorem 1.7].
Theorem 3.1. Let X be a smooth projective variety admitting a Kähler metric with semi-positive holomorphic sectional curvature, and let φ : X Y be a (non-trivial) MRC fibration to a smooth projective variety Y . We take a Zariski open set X o in X such that the restriction of φ
Then the morphism φ is a smooth morphism on X o . Moreover the standard exact sequence
admits the holomorphic orthogonal splitting, that is, the orthogonal complement
is a holomorphic vector bundle on X o and there exists an isomorphism j :
Proof of Theorem 3.1. The proof will be given by carefully refining the argument of [Mat18b, Theorem 1.7], which is based on the idea of [HW15] and techniques in [Mat18a] . A part of the proof is essentially the same as [Mat18b] , and thus we will explain the precise proof as we refer to [Mat18b] . For a non-trivial MRC fibration φ : X Y of a smooth projective variety X, we denote by the notation Z o the indeterminacy locus of φ. It is sufficient to prove the conclusions for the Zariski open set X o defined by X o := X \ Z o since X o is the maximal Zariski open set in X such that the restriction
is a morphism. Now we take a resolution τ : Γ → X of the indeterminacy locus Z o of φ and denote by the notationφ : Γ → Y the morphism satisfying the following commutative diagram :
In the proof, we mainly consider the coherent sheaf L on X defined by
We remark that L is actually an invertible sheaf since it is a reflexive sheaf of rank one (see [Har80, Corollary 1.2, Proposition 1.9]). We freely identify the locally free sheaves with the vector bundles and we denote by the notation F ∨ the dual of a coherent sheaf F in this paper. By the definition, the line bundle L coincides with the usual pullback φ * K Y on the Zariski open set X o , and thus L can be seen as the extension of the pull-back φ * K Y defined on X o to the ambient space X. From the sheaf morphism
defined by the pull-back dφ * underφ, we can get the injective sheaf morphism
by taking the push-forward τ * under the modification τ and by using the formula
Here m is the dimension of Y . Let g be a Kähler metric of X with the semi-positive holomorphic sectional curvature H g . By using the (smooth) hermitian metric Λ m h on Λ m Ω X induced by the dual metric h := g ∨ on the cotangent bundle Ω X , we define the singular hermitian metric
plays a central role rather than (L, H) in the proof (see [Dem] for singular hermitian metrics). It is easy to see that the sheaf morphism f is a bundle morphism (that is, the section f (e L ) is also non-vanishing in our case) if and only if G (equivalently H) is a smooth metric. In particular, since f coincides with the usual pull-back dφ * on X o , we can conclude that φ is a smooth morphism on X o if G can be shown to be smooth. This is our first goal.
We take a resolution π :X → X of the degenerate ideal of f . Then, by the same argument as in [Mat18b, Claim 1], it can be proven that there exist a smooth (1, 1)-form γ onX and an effective divisor E onX such that
where [E] is the integration current defined by the effective divisor E and
H . We will prove that the first Chern class of L is zero and γ is a semi-positive (1, 1)-form, which implies that E = 0 (in particular φ is smooth on X o ).
The image Y of the non-trivial MRC fibration is not uniruled by [GHS03] , and thus the canonical bundle K Y of Y is pseudo-effective by [BDPP13] . Hence, by the definition of L, it can be seen that the line bundle L is also pseudo-effective. Then, for the Kähler form ω associated to the given metric g, the intersection number c 1 (π * L) · {π * ω} n−1 is non-negative. Therefore we obtain 0 ≥ 2π
from (3.1) by taking the wedge product with π * ω n−1 and the integration onX. The second term of the right hand side is non-negative. Now we consider the first term. We can take a (non-empty) Zariski open set Y 0 such that the restriction φ :
of the tangent space T X,p at p satisfying the followings :
is an orthonormal basis of the orthogonal complement (T X/Y,p ) ⊥ . (2) R g (e i ,ē i , e j ,ē j ) ≥ 0 for any 1 ≤ i, j ≤ m. (3) √ −1Θ G (e i ,ē i ) ≥ 0 for any i = 1, 2, . . . , m. We remark that the curvature √ −1Θ G is a smooth (1, 1)-form on a neighborhood of p since the metric G is smooth on a neighborhood of a smooth point of φ. Here the
) denotes the curvature tensor of (X, g) defined by
for tangent vectors x, y, z, u ∈ T X . Further, by the same argument as in [Mat18b,  Step 3], we can check the following equality :
Note that the integrand of the second term is the scalar curvature in the vertical direction (that is, the scalar curvature of a fiber (F, g| F ) of φ), and thus it does not depend on the choice of the orthonormal basis {e i } n i=1 . The first term of the right hand side is non-negative by property (3). The key point here is that the second term can be shown to be non-negative by Stokes's theorem and Fubini's theorem. We will omit the detailed proof to avoid repeating (see [Mat18b,  Step 3] for the precise proof). This implies that the right hand side is non-negative, and thus we can conclude that all the terms appearing in (3.2) and (3.3) should be equal to zero.
It follows that Θ G (e i ,ē i ) = 0 for any i = 1, 2, . . . , m since the first term in (3.3) is zero and its integrand is non-negative by property (3). By applying the formula (2.1) to the exact sequence
for any i = 1, 2, . . . , m. Here we used property (2) to obtain the left inequality. Each term in the left hand side is non-negative by property (2), and thus we can see that
In particular, the tangent vector e i is the minimizer of the semi-positive holomorphic sectional curvature H g . Hence it follows that R g (v,v, e i ,ē i ) is non-negative for any tangent vector v ∈ T X from [Yan18a, Lemma 4.1] (see also [Mat18b, Lemma 2.1], [Bre] , and [BKT13] ). By applying the formula (2.1) to a tangent vector v ∈ T X again, we can
This means that the curvature √ −1Θ G is semi-positive on X 0 . On the other hand, we have γ = π * √ −1Θ G on a (non-empty) Zariski open set ofX. Hence it follows that γ is a semi-positive (1, 1)-form onX since γ is smooth onX.
The first Chern class c 1 (π * L ∨ ) is represented by the sum of the semi-positive form γ and the positive current [E] by (3.1) and the above argument. On the other hand, the first Chern class c 1 (π * L ∨ ) is numerically zero since we have
and L is pseudo-effective. This implies that γ = 0 and E = 0 (namely, √ −1Θ G = 0). Therefore we can conclude that G is a smooth metric. In particular, the morphism φ is a smooth morphism on X o .
In the rest of the proof, we will show that
) defined for the below exact sequence (see subsection 2.1) is identically zero on X o (which leads to the desired decomposition of the tangent bundle T X ). By the above argument, we have already proved that R g (v,v, e i ,ē i ) is non-negative for any i = 1, 2, . . . , m and any tangent vector v ∈ T X . For the metrics g S and g Q on T X/Y and φ * T Y induced by the standard exact sequence
we can obtain
by applying the formula (2.1) to the above exact sequence. On the other hand, the induced metric det g Q on φ * K ∨ Y = det φ * T Y coincides with the metric G on X o by the definition of G, and further the curvature
is flat by the above argument. Therefore we have
By combining it with the inequality (3.4), we can obtain that R g (v,v, e i ,ē i ) = 0 and Bv(e i ), Bv(e i ) g S = 0
for any i = 1, 2, . . . , m and any tangent vector v ∈ T X . Here we used the fact that Bv(•), Bv(•) g S is a semi-positive definite quadratic form on T ⊥ X/Y . We can see that B is identically zero on X o since the trace
Bv(e i ), Bv(e i ) g S is zero. Therefore we obtain the desired decomposition on X o (see subsection 2.1).
As an application of Theorem 3.1 and Lemma 2.1, we have : Theorem 3.2 (=Theorem 1.2). Let X be a smooth projective variety admitting a Kähler metric with semi-positive holomorphic sectional curvature.
Proof of Theorem 3.2. We first take an arbitrary MRC fibration φ : X Y to a smooth projective variety Y . We will find a morphism φ ′ : X → Y ′ (which may be different from the original one φ : X Y ) such that φ ′ : X → Y ′ is one of MRC fibrations of X, by using Theorem 3.1, Lemma 2.1, and a similar way to [CH17] . Let X o be the maximal Zariski open set in X such that the restriction φ o of φ
is a morphism and let i : X o ֒→ X be the natural inclusion. Note that the codimension of the Zariski closed set X \ X o is larger than or equal to two. In summary, we have the following commutative diagram :
By Theorem 3.1, the orthogonal complement T ⊥ Xo/Yo is a holomorphic vector bundle and there exists the isomorphism j :
Now we define the coherent sheaves V and W on X by
Note that V and W are reflexive sheaves on X since they are defined by the double dual. Then it can be seen that T X = V ⊕ W holds on X o by the holomorphic decomposition (3.5). By lemma 2.4 and codim(X \ X 0 ) ≥ 2, this decomposition can be extended to the ambient space X, that is, we obtain the decomposition
Now we will show that the subsheaf W ⊂ T X is actually a subbundle of T X and it determines an integrable foliation. The dimensions
are upper semi-continuous with respect to p ∈ X by Lemma 2.3 and the sum is equal to n = dim X. Hence they should be constant. Then it follows that V and W are actually locally free sheaves from Lemma 2.3. In order to check the integrality of W ⊂ T X , we consider the section
obtained from the Lie bracket (see subsection 2.2). The foliation W ⊂ T X is integrable on X o since φ o : X o → Y o is smooth and W = T Xo/Yo holds on X o . In particular, the section F W is vanishing on X o . Then it follows that F W is identically zero on X since the sheaf Hom(Λ 2 W, T X /W ) is torsion free as O X -modules. Hence we can see that the foliation W ⊂ T X is integrable.
A general fiber of φ is a leaf of the integrable foliation W ⊂ T X . Hence a general leaf is compact since φ : X Y is almost holomorphic and it is rationally connected since φ : X Y is a MRC fibration. By applying Lemma 2.1 to our situation, we can find a smooth morphism φ ′ : X → Y ′ such that W = T X/Y ′ . It remains to show that the morphism φ ′ : X → Y ′ is also a MRC fibration. A general fiber of φ : X Y is not only a leaf of W but also a leaf of T X/Y ′ . Therefore we can construct a birational map π :
This means that the morphism φ ′ : X → Y ′ is a MRC fibration.
By Lemma 2.2 and the result of [Mat18b], we have :
Theorem 3.3 (=Theorem 1.3). Let (X, g) be a compact Kähler manifold with semipositive holomorphic sectional curvature, and let φ : X → Y be a morphism to a compact Kähler manifold Y with pseudo-effective canonical bundle.
• The image Y admits a Kähler metric g Y such that g Q = φ * g Y and the holomorphic sectional curvature of g Y is identically zero. In particular, the image Y has a finiteétale cover T → Y by a complex torus T . Here g Q is the hermitian metric on φ * T Y induced by the above exact sequence and the metric g.
(2) We obtain the isomorphism
Proof of Theorem 3.3. Let φ : X → Y be a morphism from a compact Kähler manifold (X, g) with semi-positive holomorphic sectional curvature to a compact Kähler manifold Y with pseudo-effective canonical bundle. Then, by [Mat18b, Theorem 1.4], we can obtain the following properties :
• φ is a smooth morphism.
• 
By the above argument, we can see that it is enough for the statement (1) in Theorem 3.3 to check that φ is locally trivial. For this purpose, we will show that the holomorphic subbundle j(φ * T Y ) = T ⊥ X/Y ⊂ T X determines an integrable foliation. Since g is a Kähler metric, the Chern connection D of (T X , g) corresponds to the Levi-Civita connection of the induced Riemannian metric. Hence, from the torsion freeness, we obtain that
for any (local) vector fields u 1 , u 2 on X. On the other hand, for a vector field u in the horizontal direction (that is, it is a section of j(φ
Here we used the fact that B is identically zero, which can be obtained from the holomorphic orthogonal splitting of the above exact sequence. In particular, we can see that D u 1 u 2 and D u 2 u 1 are also vector fields in the horizontal direction for any vector fields u 1 and u 2 in the horizontal direction. By the formula (3.6), we can conclude that the Lie bracket [u 1 , u 2 ] is in the horizontal direction. This means that the horizontal tangent bundle j(φ * T Y ) is integrable. Therefore, by the Ehresmann theorem (see Lemma 2.2), we can see that φ is locally trivial. This verifies the statement (1). Further there exists a representation
Then we have the following commutative diagram :
Moreover the Ehresmann theorem asserts that theétale cover
is the universal cover of X and we have
This verifies the statement (2).
It remains to show the statement (3) in Theorem 3.3. Now we consider the induced metric µ * g on µ * T X = T X univ and the holomorphic decomposition
The relative tangent bundle T X/Y is orthogonal to j(φ * T Y ) = T ⊥ X/Y with respect to the metric g, and thus the above decomposition is also an orthogonal decomposition with respect to µ * g. Therefore it is sufficient to prove that g 1 and g 2 are respectively obtained from the pull-back of some metric of T Y univ and T F univ . Here g 1 (resp. g 2 ) is the metric on pr * 1 T Y univ (resp. pr * 2 T F univ ) induced by the metric µ * g and the above decomposition. We can easily prove that g 1 coincides with the pull-back of π * g Y by pr 1 . Indeed, we have g 1 = µ * g Q by pr * 1 T Y univ = µ * j(φ * T Y ) and g Q = φ * g Y by the property of g Q . Hence, by the above commutative diagram, we can easily check that
In the rest of the proof, we will show that the metric g 2 on pr * 2 T F univ can be obtained from the pull-back of some metric on F univ , in other words, the metric on the fiber pr −1 1 (y)( ∼ = F univ ) defined by the restriction of µ * g and pr * 2 T F univ | pr
For a local holomorphic vector field w on F univ , we consider the section w := pr * 2 w of pr * 2 T F univ . Note that the section w can be seen as a vector field in the vertical direction by the inclusion pr * 2 T F univ ⊂ T X univ . If the norm | w| µ * g = | w| g 2 is constant on a fiber pr −1 2 (p)( ∼ = Y univ ) of the second projection pr 2 , we can easily see that the metric g F univ on F univ defined by |w| g F univ = | w| µ * g satisfies the desired property (that is, g 2 = pr * 2 g F univ ). In order to check that | w| µ * g is constant on a fiber pr in the horizontal direction is identically zero, and thus it is constant on a fiber of pr 2 . This finishes the proof.
We finally prove the main result of this paper, as a direct application of Theorem 1.2 and Theorem 1.3.
Theorem 3.4 (=Theorem 1.1). Let X be a smooth projective variety equipped with a Kähler metric g with semi-positive holomorphic sectional curvature. Then we have the following statements :
• The fiber F is a rationally connected manifold. In particular, the morphism φ : X → Y is a MRC (maximal rationally connected) fibration of X. Therefore the fiber product X * := A × Y X admits the locally trivial Albanese map X * → A to the abelian variety A with the rationally connected fiber F .
Proof of Theorem 3.4. When the holomorphic sectional curvature is identically zero, the variety X itself has a finiteétale cover A → X by an abelian variety A by [Igu54] (see also [HLW16, Proposition 2.2] and [Ber66] ). In this case, there is nothing to prove since the identity map of X satisfies the desired properties.
When the holomorphic sectional curvature is semi-positive but not identically zero, the canonical bundle K X is not pseudo-effective. Indeed, we have the equality
where ω is the Kähler form associated to g and S is the scalar curvature of g. In our case, the scalar curvature S is positive on a neighborhood of at least one point since S can be described as the integral of the holomorphic sectional curvature. Therefore the right hand side is negative. This implies that X is uniruled by [BDPP13] . There is nothing to prove in the case of X being rationally connected. Therefore we may assume that X admits a non-trivial MRC fibration. In this case, by Theorem 1.2, we can take a MRC fibration φ : X → Y of X to be a morphism to a smooth projective variety Y . Further it can be seen that the canonical bundle K Y of Y is pseudo-effective by [GHS03] and [BDPP13] . Hence the assumptions in Theorem 1.3 are satisfied. Then we obtain all the conclusions by applying Theorem 1.3 to the MRC fibration φ : X → Y and by using the fact that rationally connected manifolds are simply connected.
Remark 3.5. In the case of X being a compact Kähler surface, the assumption of X being projective can be removed by the classifications of surfaces (see the argument in [Mat18a, Corollary 1.6]).
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